In a previous paper (Corrigan-Sasaki), many remarkable properties of classical Calogero and Sutherland systems at equilibrium are reported. For example, the minimum energies, frequencies of small oscillations and the eigenvalues of Lax pair matrices at equilibrium are all "integer valued". The equilibrium positions of Calogero and Sutherland systems for the classical root systems (A r , B r , C r and D r ) correspond to the zeros of Hermite, Laguerre, Jacobi and Chebyshev polynomials. Here we define and derive the corresponding polynomials for the exceptional (E 6 , E 7 , E 8 , F 4 and G 2 ) and non-crystallographic (I 2 (m), H 3 and H 4 ) root systems. They do not have orthogonality but share many other properties with the above mentioned classical polynomials.
Introduction
The relationship between classical and quantum integrability has fascinated many physicists and mathematician. In a recent paper by Corrigan and Sasaki [1] , this issue has been extensively investigated in the framework of Calogero-Moser systems [2, 3, 4] . One major result is that certain "quantised" information seems to be encoded in the classical system.
For example, the eigenvalues of classical Lax pair matrices at the equilibrium points are "integer valued" [1] . The connection between the zeros of Hermite and Laguerre polynomials and the equilibrium points of A r and B r (D r ) Calogero systems has been known for many years [5, 6, 7] . In [1] it is found out that the zeros of Jacobi polynomials are related to the equilibrium points of BC r (D r ) Sutherland system. In the present paper we define and derive the polynomials associated with the equilibrium points of the other Calogero and Sutherland systems. These are associated with Calogero systems based on non-crystallographic root systems, Calogero and Sutherland systems based on the exceptional root systems and the A r In general, the polynomials are determined by the potential, q 2 + 1/q 2 (the Calogero system [2] ) and 1/ sin 2 q (the Sutherland system [3] ), the root system ∆ and the set of weights R. For the classical root systems and for the (non-trivial) smallest dimensional R, that is the set of vector weights V or the set of short roots ∆ S , the polynomials turn out to be classical orthogonal polynomials; Hermite, Laguerre, Jacobi and Chebyshev polynomials [8] . The orthogonality does not hold for the polynomials for the exceptional root systems and for the classical root systems with generic R's. Like their classical counterparts, these new polynomials have "integer coefficients" only, if multiplied by a certain factor. In most cases, it is possible to define the polynomials to be monic (that is, the highest degree term has unit coefficient) and integer coefficients only. Some polynomials are too lengthy to be displayed in the paper; an E 8 polynomial has 121 terms and its typical integer coefficient has about 150 digits. They are presented in [9] . Some root systems are related by Dynkin diagram foldings; A 2r−1 → C r , D r+1 → B r , E 6 → F 4 and D 4 → G 2 . These imply relations among the corresponding Calogero-Moser systems at certain ratio of the coupling constants.
These, in turn, imply relations among the corresponding polynomials, which are determined independently. These relations are either identities among classical polynomials, many of which are "new" in the sense they are not listed in standard mathematical textbooks [8] , or they provide non-trivial checks for the newly derived polynomials. The significance and other detailed properties of these new polynomials deserve further study.
This paper is organised as follows. In section two a brief introduction of Calogero-
Moser systems is given to set the stage and notation. Equations for determining equilibrium points are discussed in some detail. In section three Coxeter (Weyl) invariant polynomials associated with equilibrium positions are introduced for a set of weights R for Calogero and Sutherland systems. For the rational potential (Calogero systems) the definition is almost unique, whereas we have several choices of the definitions of the polynomials for the trigonometric potential (Sutherland system). Section four and five are the main body of the paper. The Coxeter (Weyl) invariant polynomials are determined and presented for all root systems ∆ and for major choices of R's for Calogero (section four) and Sutherland systems (section five). Section six is for summary and comments. We will present a heuristic argument for deriving the classical orthogonal polynomials starting from the pre-potentials (2.4) of Calogero and Sutherland systems.
Equilibrium in Calogero-Moser System
Let us start with a brief introduction of Calogero-Moser systems [2, 3, 4] . We stick to the notation of a recent paper [1] , unless otherwise mentioned. Calogero-Moser systems are integrable multiparticle dynamical systems at the classical as well as quantum levels. They have a long range potential (rational, trigonometric, hyperbolic and elliptic) and the integrable multiparticle interactions are governed by the root systems [10] . Classical integrability through Lax formalism is known for all potentials for the classical root systems [10] as well as for the exceptional [11, 12] and non-crystallographic [12] root systems. Quantum integrability of the systems having degenerate potentials (rational, trigonometric and hyperbolic)
is now systematically understood for all root systems in terms of Dunkl operator formalism [13, 14] and the quantum Lax pair formalism [15, 16] . To a system of r particles in one dimension, we associate a root system ∆ of rank r. This is a set of vectors in R r invariant under reflections in the hyperplane perpendicular to each vector in ∆:
The set of reflections {s α | α ∈ ∆} generates a finite reflection group G ∆ , known as a Coxeter (or Weyl) group. Among Calogero-Moser systems the Calogero systems (with q 2 + 1/q 2 potential) and the Sutherland systems (with 1/ sin 2 q potential) have discrete energy eigenvalues only when quantised. The Calogero and Sutherland systems have equilibrium positions, which are characterised by two equivalent ways [1] . That is where the classical potential takes the absolute minimum and simultaneously the groundstate wavefunction takes the absolute maximum. At the equilibrium positions of the Calogero and Sutherland systems, associated spin exchange models are defined for each root system [17] . The best known example is the Haldane-Shastry model which is based on A r Sutherland systems [18] . The integrability and the well ordered spectrum of the spin exchange models are closely related with the special properties of systems at equilibrium [1] .
The classical Hamiltonians of the Calogero and Sutherland systems read 1 :
In these formulae, ∆ + is the set of positive roots and ω > 0 is the angular frequency of the confining harmonic potential, g ρ > 0 are real coupling constants which are defined on orbits of the corresponding Coxeter group, i.e., they are identical for roots in the same orbit. The classical potential V C can be written succinctly in terms of a pre-potential W [15] :
in which
andẼ 0 is the minimum energy. Let us recall that the pre-potential W is related to the ground state wavefunction of the quantum theory φ 0 by φ 0 = e W (eq.(2.6) of [1] ) and that W , V C 1 For ∆ = BC r the trigonometric potential should read g and H C are Coxeter (Weyl) invariant:
The classical equilibrium point
is determined by the equations [1] ∂V C ∂q j q = 0 or equivalently ∂W ∂q j q = 0 (j = 1, . . . , r).
In other words, it is a minimal point of the classical potential V C , and simultaneously it is a maximal point of the pre-potential W and of the ground state wavefunction φ 0 = e W , since the matrix determining the frequencies of small oscillations around the equilibrium
is negative definite [1] . The equilibrium points are not unique. There is one equilibrium point in each Weyl chamber (alcove) [1] , that is ifq is an equilibrium point, so is s ρ (q), ∀ρ ∈ ∆, due to the Coxeter (Weyl) invariance of W (2.5). It is also easy to see that ifq is an equilibrium point, so is −q.
The equilibrium equation for the pre-potential W , for Calogero systems based on simply laced root systems, that is A r , D r , E r , I 2 (odd) and H r , reads:
If we define a rescaled equilibrium point bỹ
it satisfies a simple equation independent of the coupling constant:
For Calogero systems based on non-simply laced root systems, that is B r , C r , F 4 , G 2 and I 2 (even) 2 , the equation reads:
2 For I 2 (even) we have k ≡ g e /g o .
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Again a rescaled equilibrium pointq
satisfies a simple equation depending only on the ratio of the two coupling constants g S and g L :
As is clear from (2.10) and (2.12), the equilibrium pointq (q) is independent of the normalisation of roots in ∆.
The situation is simpler in the Sutherland systems which do not have an extra parameter ω. For crystallographic simply laced root systems, that is A r , D r and E r , the equation forq is independent of the coupling constant:
For crystallographic non-simply laced root systems, that is B r , C r , F 4 and G 2 , the equation forq depends only on the ratio of the two coupling constants g S and g L :
For the BC r system, which has three coupling constants g S , g M and g L for the short, middle and long roots, the equation depends on two coupling ratios:
(2.15)
Polynomials
Here we give the general definitions of the Coxeter (Weyl) invariant polynomials associated with equilibrium positions in Calogero and Sutherland systems. Naturally, the definitions for the Calogero systems are different from those for the Sutherland systems except for the common features that the polynomials are Coxeter (Weyl) invariant and are specified by the root system ∆ and a set of
which form a single orbit of the corresponding reflection (Weyl) group G ∆ . The set of values at the equilibrium, {µ ·q | µ ∈ R}, is Coxeter (Weyl) invariant. In this paper we consider only such R's that are customarily used for Lax pairs. They are the set of roots ∆ itself for simply laced root systems, the set of long (short, middle) roots ∆ L (∆ S , ∆ M ) for nonsimply laced root systems and the so-called sets of minimal weights. The latter is better specified by the corresponding fundamental representations, which are all the fundamental representations of A r , the vector (V), spinor (S) and conjugate spinor (S) representations of D r and 27 (27) of E 6 and 56 of E 7 .
For Calogero systems the definition is rather unique and it is given by
in which k denotes the possible dependence on the ratio of the coupling constants, for the systems based non-simply laced root systems (2.12). It should be noted that the above polynomial depends on the normalisation of the vectors µ ∈ R implicitly. Changing R → cR (µ → cµ) can be absorbed by rescaling of x:
For Sutherland systems we have several candidates for polynomials: 5) in which k denotes possible dependence on the ratio(s) of coupling constants, as before. Not all of them give interesting objects, as we will see presently. In all cases the polynomials are monic and of degree D.
In case R is even, that is,
then sometimes it is advantageous to consider P R ∆ (k|x), P R ∆, s (k|x) and P R ∆, s2 (k|x) as polynomials in y ≡ x 2 of degree D/2:
in which R + is the positive part of R. In this case the "cosine" polynomials P R ∆, c(2) (k|x), (3.5) should better be redefined as
since the original polynomials (3.5) are the squares of the new ones. It is easy to see that P R ∆, s (k|y) and P R + ∆, c2 (k|x) are equivalent:
The right hand side is an even polynomial in u, thus it is a polynomial in u 2 and in x 2 .
The change of variables u ↔ x corresponds to the change in the character of the variables, cos ↔ sin. This imposes a quite non-trivial check for the s2 and c2 polynomials which are determined separately.
As shown in the following sections, the polynomials associated with the classical root systems (A r , B r , C r and D r ) and I 2 (m) are either classical polynomials for the smallest dimensional R or those closely related to them, see for example, (4.32), (4.33), (5.41), (5.42).
For the exceptional and non-crystallographic root systems, the equilibrium positions are evaluated numerically and the polynomials are obtained by rationalisation of the coefficients in terms of Mathematica. At each step, the result is verified by many consistency checks; the "integer eigenvalues" of the matrix (2.8) for the values ofq, the identities implied by Dynkin diagram foldings and identities (3.10) for the polynomials. Let us conclude this section with an important remark that these polynomials are independent of the specific representation of the root and weight vectors. In other words, the polynomials are Coxeter (Weyl) invariant.
Calogero Systems
Let us first discuss the systems based on the classical root systems.
A r
The equations (2.10) for ∆ = A r read
These determine {q j = ω gq j | j = 1, . . . , r + 1} to be the zeros of the Hermite polynomial H r+1 (x) [8] , with the Rodrigues' formula
If ordered by the value,q 1 >q 2 > · · · >q r+1 or reverse, they possess the symmetrỹ
and especiallyq (r+2)/2 = 0 for r even. Thus we havẽ
This case was reported by Calogero a quarter century ago [5] . The set of weights of the vector representation is
Throughout this paper we denote an orthonormal basis of R r (R r+1 for A r case) by {e j }.
In this case, we have µ j ·q =q j due to (4.4) and µ 2 = r/(r + 1). The polynomial (3.2) is given by the Hermite polynomial
They are orthogonal to each other:
Needless to say, Hermite polynomials are of integer coefficients. It is interesting to note that another definition
gives a monic polynomial with all integer coefficients.
The set of weights of the i-th fundamental representation ( i-th rank anti-symmetric tensor
The above V (4.5) is V = V 1 . In this case we have µ 2 = i(r + 1 − i)/(r + 1). We can show that the polynomial (3.2)
can be expressed in terms of the coefficients of H r+1 (x) by the same method as given in section 4.2.5, and P
2V i
Ar (x) gives a monic polynomial with integer coefficients. Here we report only on V 2 because it seems that the other representations (3 ≤ i ≤ r −2)
do not provide any interesting results. (For lower rank r, the explicit forms of the polynomials
Ar (x) can be found in [9] .) Due to (4.3), eq.(4.10) becomes
Based on the fact that the zeros of Hermite and Laguerre polynomials are related as seen from the formulae (4.23), this can be expressed by using the polynomials associated with the B r Calogero systems in the following way:
The explicit forms of the functions P ∆ L Br (k|x) for lower r are given in section 4.2.5.
R = ∆ for A r
We have ∆ = {±(e j − e l ) | 1 ≤ j < l ≤ r + 1}, D = r(r + 1) and µ 2 = 2. The polynomial has a factorized form:
Another definition P
2∆
Ar (x) gives a monic polynomial with integer coefficients.
B r and D r
Assumingq j = 0, the equations (2.12) for ∆ = B r with
(4.14)
They determine {q
For the subcase with
. . , r}, are the zeros of the associated Laguerre polynomial [8, 10] ,
for which one of theq j is zero. This also means that the {q 
R = ∆ S for B r
Since ∆ S = {±e j | j = 1, . . . , r} is even, it is advantageous to consider the polynomials in
It should be stressed that P ∆ S r (y), a monic polynomial in y, is also a polynomial in the parameter α with all integer coefficients.
R = V for D r
As in the previous example, V = {±e j | j = 1, . . . , r}, we introduce (y ≡ x 2 , (3.7))
in which the identity (4.16) is used. Corresponding to the above mentioned Dynkin diagram folding D r+1 → B r and (4.16), we obtain
A 2r−1 → C r and the relationship between Hermite and Laguerre polynomials
As is well-known the Dynkin diagram folding A 2r−1 → C r relates the A 2r−1 Calogero system
Br (1/2|x) (4.17):
which is equivalent to a well-known formula relating Hermite polynomials and Laguerre polynomials (eq(5.6.1) of [8] ):
The former corresponds to k = 1/2 and (4.22). The latter corresponds to k = 3/2 and
Let us recall the corresponding results in the trigonometric case [8, 1] . The polynomial
) it reduces to the Chebyshev polynomial of the first (second) kind. As above, k 1 = 0, k 2 = 1/2 corresponds to the
R = S andS for D r
The spinor S and conjugate spinorS representations of D r are minimal representations with D = 2 r−1 and the natural normalisation µ 2 = r/4. For odd r, we have the equality −S =S which means P S Dr (x) = PS Dr (x) for odd r. In fact, the symmetry of the D r Dynkin diagram implies that the same formula holds for even r, too. Here we present P S Dr (x) for lower members of r: The equality of the three polynomials for V, S andS in D 4 , (4.25) reflects the three fold symmetry of the D 4 Dynkin diagram.
Br (k|x) can be expressed neatly in terms of the coefficients of the polynomial P ∆ S Br (k|x) (4.17). Suppose we have two polynomials in y:
Let us denote b i = x 2 i , then we obtain g as a symmetric polynomial in b i :
and {a i } are the basis of the symmetric polynomials in b i :
Thus g can be expressed in terms of the coefficients {a i } of f with integer coefficients. For example:
If f is of rational coefficients, so is g.
We list P ∆ L Br (k|x) for lower members of r. This includes P ∆ Dr (x) as a special case of k = 0. As remarked before, they are presented as polynomials in y ≡ x 2 :
As remarked above, P ∆ L Br (k|x) is a polynomial in y and in k with all integer coefficients and is monic in y. The explicit forms of the polynomials P 
(0|x), (4.37) which is the root version of the identity (4.21).
Next we discuss the systems based on the exceptional root systems. For these we have relied on numerical evaluation of the equilibrium points by Mathematica. Large enough digits of precision is maintained in internal computations, e.g., we keep 2048 digits for E 8 Sutherland system. We have verified in each case that the fit of the polynomial with rational coefficients gives no detectable errors within the working precision.
E r
The E series of the root systems, E 6 , E 7 and E 8 are simply laced. The corresponding polynomials do not contain any coupling constants.
R = 27 and ∆ for E 6
Polynomials for 27 and ∆,
are slightly simplified for a different normalisation of µ ∈ R: It is interesting to note that the second factor of P ∆ E 6 (x), (4.41), is the same as P 27
which is the same polynomial appearing in (4.40) and (4.47). Again it should be stressed that these polynomials are monic and all the coefficients are integers.
R = 56 for E 7
Polynomial for 56,
is slightly simplified for a different normalisation of µ: 
F 4
The theory has two coupling constants g L and g S for the long (ρ 2 L = 2) and short (ρ 2 S = 1) roots. We present the polynomials as a function of k ≡ g S /g L . 
It is well-known that F 4 with the coupling ratio k = g S /g L = 2 is obtained from E 6 by folding. This relates F 4 polynomials to E 6 polynomials: (k|x) have integer coefficients only. This property seems to be inherited from E 6 , too.
G 2
The theory has two coupling constants g L and g S for the long (ρ 2 L = 2) and short (ρ 2 S = 2/3) roots. We present the polynomials as a function of k ≡ g S /g L .
They are related with each other reflecting the self-duality of the G 2 root system:
The G 2 Calogero system with the coupling ratio
by the three-fold folding D 4 → G 2 . This implies analogous relations to (4.47)
Both of them have trigonometric counterparts, too, as will be shown later. The two polyno-
(k|x) have integer coefficients only. This property seems to be inherited from D 4 .
Thirdly let us discuss the systems based on non-crystallographic root systems.
I 2 (m)
The equilibrium points are easily obtained when parametrised by the two-dimensional polar coordinates [1] (4.53) in which g is the coupling constant in the simply laced odd m theory, whereas g o (g e ) is the coupling constant for odd (even) roots in the non-simply laced even m theory. As R we choose the set of the vertices of the regular m-gon R m on which the dihedral group I 2 (m) acts: The polynomial µ∈Rm (x − µ ·q) (3.2) is obtained trivially: This can be seen most easily by the explicit forms of the lower members of P even in the non-singular limiting cases, g e = 0 and g o = 0:
which have definite sign in −1 < x < 1.
The following equivalences are well-known: A 2 ≡ I 2 (3), B 2 ≡ I 2 (4) and G 2 ≡ I 2 (6). The I 2 (3) polynomial corresponds to the A 2 polynomial of vector V,
(4.58)
As for I 2 (4) polynomial, we obtain from (4.55)
For the B 2 system, the Laguerre polynomial with
They are proportional to each other upon identification y = 2(1+k)x 2 . The I 2 (6) polynomial obtained from (4.55) reads, after some calculation
which is proportional to P S 2 (k|y) (4.49) upon the same identification as above y = 2(1+k)x 2 .
H 3 and H 4
The non-crystallographic H 3 and H 4 are simply laced root systems. In both cases the roots are normalised to 2, as with the other simply laced root systems, ρ 2 = 2. Then both monic polynomials P ∆ H 3 (x) and P ∆ H 4 (x) have integer coefficients only. 
R
= (656100000000 − 1093500000000 y + 601425000000 y 2 − 154305000000 y 3 + 21343500000 y 4 −1701000000 y 5 + 80392500 y 6 − 2250000 y 7 + 36000 y 8 − 300 y 9 + y 10 )
×(747338906250000000000 − 9964518750000000000000 y + 45172485000000000000000 y 
Sutherland Systems
A r
The equilibrium position is "equally-spaced " (see eq.(5.14) of [1] ) and translational invariant.
We choose the constant shift such that the coordinate of "center of mass" vanishes, 
R = V for A r
For the vector weight µ j ∈ V (4.5), µ j ·q is independent on the constant shift ofq. The above choice (5.1) leads to
In this case the polynomial (3.4) is given by
Here T n (cos ϕ) = cos(nϕ) is the Chebyshev polynomial of the first kind, whose Rodrigues' formula is
This is a new result. Another definition
provides a monic polynomial with all integer coefficients.
It is easy to see that
does not give rational polynomials, for example,
is not of rational coefficients. In the rest of this paper we will not consider this type of polynomials.
The other polynomials,
are essentially the same as P V Ar, s (x), (5.3). Only the constant term can be different:
Thus we consider only the polynomial P R Ar, s (x) = µ∈R x − sin(µ ·q) for various R of A r .
R = V i for A r
From (4.9) and (5.2), the polynomial (3.4) is given by
This polynomial can be expressed in terms of the coefficients of T r+1 (x) by the same method as given in section 5.2.5, and 2
Ar,s (x/2) gives a monic polynomial with integer coefficients. See [9] for the explicit forms of the polynomials P
Ar, s (x) of lower rank r. As in the Calogero case, we report only on V 2 :
Based on the fact that the zeros of Chebyshev and Jacobi polynomials are related as seen from the formulae (5.28) and (5.29), this can be expressed by using the polynomials associated with the BC r Sutherland systems in the following way:
The explicit forms of the functions P
BCr, c2 (k 1 , k 2 |x) for lower r are given in section 5.2.5.
R = ∆ for A r
The polynomial has a factorized form:
It is elementary to evaluate P ∆ Ar, s (x) for lower rank:
For r = 1, 3 and 5, P ∆ Ar, s (x) are of definite sign in −1 < x < 1. They can never be orthogonal with each other for whichever choice of the positive definite weight function.
BC r and D r
As shown in [1] , the equations (2.7) for ∆ = BC r read
For non-vanishing g S and g L , sin 2q j = 0 cannot satisfy the above equation. Thus by dividing by sin 2q j we obtain for 14) in whichx j ≡ cos 2q j . These are the equations satisfied by the zeros {x j | j = 1, . . . , r} of the Jacobi polynomial P (α,β) r (x) [8] with
The Rodrigues' formula for the Jacobi polynomial P (α,β) n (x) reads
For ∆ = D r , we have g S = g L = 0, implying α = β = −1. We choosē
. . , r − 1), (5.17) in whichx j ≡ cos 2q j (j = 2, . . . , r − 1). These are the equations satisfied by the zeros {x j | j = 2, . . . , r − 1} of the Jacobi polynomial P
(1,1) r−2 (x) [8] . In fact, there is an identity 
In other words, these relations prompted us to introduce the polynomials of the forms µ∈R (x − sin(2µ ·q)) and µ∈R (x − cos(2µ ·q)). For BC r Sutherland system we consider R = ∆ S and ∆ M only.
R = ∆ S for BC r
Since ∆ S is even and that {x j = cos 2q j | j = 1, . . . , r} are the zeros of the Jacobi polynomial, it is natural to consider the polynomial (3.8)
with α = k 1 + k 2 − 1 and β = k 2 − 1. They are orthogonal to each other:
As remarked in (3.9), the polynomial P
BCr , s (k 1 , k 2 |x). Needless to say that 2 n n!P The other polynomial P ∆ S BCr, s2 (k 1 , k 2 |x) can be easily obtained by (3.10):
This is a special (k 1 = k 2 = 0 or α = β = −1) case of the previous example. As in the previous example, we introduce
Corresponding to the Dynkin diagram folding D r+1 → B r and (5.23), we obtain
which is the trigonometric counterpart of (4.21).
The other polynomial P V Dr, s2 (x) has a simple form
which is of a definite sign in −1 < x < 1. Thus they do not form any orthogonal polynomials.
5.2.3
A 2r−1 → C r and the relationship between Chebyshev and Jacobi polynomials
As in the Calogero case, the Dynkin diagram folding A 2r−1 → C r implies
Indeed there are relations between Chebyshev and Jacobi polynomials:
on top of the well-known relations (eq(4.1.7) of [8] ):
The former corresponds to (5.27) and the latter implies
R = S andS for D r
As in the Calogero systems, the symmetry of the D r Dynkin diagram implies that P S Dr, a (x) = PS Dr, a (x), a = s, c, s2, c2. Among them P
S,S
Dr, c (x) do not always give rational polynomials. As remarked above (3.9), P S,S Dr, s (x) are equivalent to P S + ,S + Dr, c2 (x) for even rank r. Thus we list for lower rank r the polynomials P S + ,S + Dr, c2 (x) and P
Dr, s2 (x):
It is interesting to note that the formula (3.10) applies to D 5 (conjugate) spinor representation S (S), which is not even. This is because the set of values {µ ·q | µ ∈ S} is even.
Moreover, the function in (5.33) is invariant under
The set of middle roots is ∆ M = {±(e j − e l ), ±(e j + e l ) | 1 ≤ j < l ≤ r}. As in the Calogero systems in 4.2.5, the polynomial P ∆ M Br, s (k|x) can be expressed neatly in terms of the coefficients of the polynomial P ∆ S Br, s (k|x). Suppose we have two polynomials in y:
Let us denote b i = sin 2 x i , then we obtain g as a symmetric polynomial in b i :
Here are some explicit forms of P ∆ M BCr, s (k 1 , k 2 |x) for lower rank r (see also [9]):
These are the k 1 = 0 and k 2 = 0 limit of the formulae given in the previous subsection.
It is trivial to verify that (3.10) are satisfied:
The Dynkin diagram folding D r+1 → B r relates the functions
(2, 0|x)
(0, 0|x), (5.52) which is the trigonometric counterpart of the identity (4.37).
Next we discuss the systems based on the exceptional root systems. As in the Calogero systems, we have relied on numerical evaluation of the equilibrium points.
E r
5.3.1 R = 27 and ∆ for E 6 We have evaluated two polynomials independently:
x − cos(2µ ·q) Although the set of minimal weights 27 is not even, that is −27 = 27 = 27, these two polynomials are related. The "formula (3.10)" is valid,
This is the same situation encountered in the D 5 (conjugate) spinor representations S (S) in (5.33 ). This provides a strong support for the above results.
As for R = ∆, we have: We have evaluated two polynomials independently: These two polynomials satisfy (3.10),
The polynomials P ∆ Er,s(2) (x), P ∆ + Er,c2 (x), r = 7, 8 are too long to be displayed here. Their degrees are 63 and 126 for E 7 and 120 and 240 for E 8 . They are given in [9] . They all satisfy the consistency condition (3.10)
(r = 6, 7, 8).
(5.61)
at the level of each factor.
F 4
We present the polynomials as a function of
(k|x) and
, satisfying the condition (3.10), are too lengthy to be displayed here. They are given in [9] . Here we give P
(k|x) which have shorter forms. As before we use y = x 2 . The folding E 6 → F 4 relates E 6 polynomials to F 4 polynomials at the coupling ratio k ≡ g S /g L = 2. We have corresponding to (4.47)
The self-duality of the F 4 Dynkin diagram relates ∆ L polynomials to ∆ S ones. For example,
we obtain: 
G 2
Two types of polynomials ρ∈R + (x − cos(2ρ ·q)) and ρ∈R (x − sin(2ρ ·q)) are evaluated.
For the latter we use y = x 2 .
They satisfy the formula (3.10) 
Summary and Comments
We have derived Coxeter (Weyl) invariant polynomials associated with equilibrium points in Calogero and Sutherland systems based on all root systems. For the classical root systems, the polynomials are well-known classical orthogonal polynomials; Hermite, Laguerre, Chebyshev and Jacobi of the degree equal to the rank r of the root system (r + 1 for the A r case), when the smallest set of weights R are chosen. For the other choices of R's, the polynomials are related with the corresponding classical polynomials but they no longer form an orthogonal set. For the exceptional and non-crystallographic root systems, these polynomials are new. Some polynomials are given in [9], since they are too lengthy to be displayed in this paper. These new polynomials have (much) higher degree than the rank r;
27 and 36 for E 6 , 28 and 63 for E 7 , 120 for E 8 , 12 for F 4 , 3 for G 2 , m for I 2 (m), 15 for H 3 and 60 for H 4 . Defined only for sporadic degrees, these new polynomials do not have the orthogonality property, except for those corresponding to the dihedral group I 2 (m) with the uniform coupling g = g e = g o . In this case Chebyshev polynomials are obtained [1] .
All these new polynomials share one remarkable property with the classical polynomials; their coefficients are rational functions of the ratio of the coupling constants with all integer coefficients. In most cases, they are monic polynomials with integer coefficients only.
In the rest of this section, we give a heuristic argument for "deriving" the classical orthogonal polynomials with the proper weight function from the pre-potential W (2.4) at equilibrium. We add one degree of freedom, a new coordinate q r+1 (q r+2 for A r ), to the rank r system at equilibrium:
W (q 1 , . . . , q r ) → W (q r+1 ) = W (q 1 , . . . ,q r , q r+1 ), (6.1) and consider (rescaled) q r+1 as the new variable. This is allowed only for the classical root systems in which r can be any positive integer. Since V of A r+2 has one more element µ r+2
than that of A r , and ∆ S of B r+1 (BC r+1 ) has two more elements e r+1 and −e r+1 than that of B r (BC r ), we multiply dq r+2 for A r case, ( dq r+1 ) 2 = dq r+1 for B r (BC r ) case, see (6.4), (6.7), (6.10) and (6.13).
Hermite
The pre-potential for the A r Calogero system is
log(q j − q l ).
After rescaling
we obtain from (6.1)
log(z − ω gq j ) + (z-indep.). 
Laguerre
The pre-potential for the B r Calogero system is
log q j .
we obtain from (6.1) 
Chebyshev
This is slightly contrived. The pre-potential for the A r Sutherland system is W = g 1≤j<l≤r+1 log sin(q j − q l ).
By the choice ofq (5.1) and its propertyq j = −q r+2−j , after defining sin q r+2 = z, (6.8)
log(z − sinq j ) + (z-indep.). 
Jacobi
The pre-potential for the BC r Sutherland system is
log sin(q j − q l ) sin(q j + q l ) + r j=1 (g S log sin q j + g L log sin 2q j ).
After defining z by cos 2q r+1 = z, (6.11)
we obtain from (6.1) (
log(z − cos 2q j ) + k 1 + k 2 2 log(1 − z) + 
